
RXd _Qr QT2`�iBQMb QM K�i`B+2bX

yX �bbmK2/ #�+F;`QmM/X

Ç RXR J�i`B+2b- K�i`Bt �//BiBQM- �M/ b+�H�` KmHiBTHB+�iBQM 7Q` K�i`B+2bX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç i?2 MQiBQM Q7 `Qr QT2`�iBQMb QM K�i`B+2b-
Ç i?2 MQiBQMb Q7 ǵ`2p2`b2Ƕ `Qr QT2`�iBQMb- �M/ b2[m2M+2b Q7 `Qr QT2`�iBQMb-
Ç i?2 MQiBQM Q7 `Qr 2[mBp�H2M+2X

RX .2}MBiBQMX U_Qr QT2`�iBQM ǵ�//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr iQ �MQi?2`ǶXV
G2i A #2 � (p× q)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij - �M/ r?Qb2 k@i? `Qr Bb /2MQi2/ #v RkX
amTTQb2 α Bb � MmK#2`X
q?2M r2 `2TH�+2 i?2 k@i? `Qr [ ak1 ak2 · · · akq ] Q7 A #v

[ αai1 + ak1 αai2 + ak2 · · · αaiq + akq ] ,

BM r?B+? i "= k- iQ Q#i�BM bQK2 `2bmHi�Mi K�i`Bt A′- r2 b�v r2 �`2 �TTHvBM; i?2 `Qr QT2`�iBQM ǵα · Ri + RkǶ iQ A-
�M/ r`Bi2 A

αRi+Rk−−−−−→ A′X
am+? � `Qr QT2`�iBQM Bb +�HH2/ �//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr Q7 A iQ �MQi?2` `Qr Q7 AX

kX 1t�KTH2 URVX U�//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr iQ �MQi?2`XV

U�V A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]
X

U#V A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R2+R1−−−−−→ A′′ =

[
3 4 5 5
1 2 2 2
1 0 0 2

]
X

jX .2}MBiBQMX U_Qr QT2`�iBQM ǵKmHiBTHvBM; � MQM@x2`Q b+�H�` iQ � `QrǶXV
G2i A #2 � (p× q)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij - �M/ r?Qb2 k@i? `Qr Bb /2MQi2/ #v RkX
amTTQb2 β Bb � MQM@x2`Q MmK#2`X
q?2M `2TH�+2 i?2 k@i? `Qr [ ak1 ak2 · · · akq ] Q7 A #v

[ βak1 βak2 · · · βakq ]

iQ Q#i�BM bQK2 `2bmHi�Mi K�i`Bt A′- r2 b�v r2 �`2 �TTHvBM; i?2 `Qr QT2`�iBQM ǵβ ·RkǶ iQ A- �M/ r`Bi2 A
βRk−−−→ A′X

am+? � `Qr QT2`�iBQM Bb +�HH2/ KmHiBTHvBM; � MQM@x2`Q b+�H�` iQ � `Qr Q7 AX

9X 1t�KTH2 UkVX UJmHiBTHvBM; � MQM@x2`Q b+�H�` iQ � `QrXV

U�V B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
4R2−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
X

U#V B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
−2R1−−−→ B′′ =

[
−2 −4 −4 2
8 −8 4 0
1 0 0 2

]
X

8X .2}MBiBQMX U_Qr QT2`�iBQM ǵBMi2`+?�M;BM; irQ `QrbǶXV
G2i A #2 � (p× q)@K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij - �M/ r?Qb2 k@i? `Qr Bb /2MQi2/ #v RkX
q?2M r2 BMi2`+?�M;2 i?2 i@i? `Qr [ ai1 ai2 · · · aiq ] �M/ i?2 k@i? `Qr [ ak1 ak2 · · · akq ] Q7 A- BM r?B+?
i "= k- iQ Q#i�BM bQK2 `2bmHi�Mi K�i`Bt A′- r2 b�v r2 �`2 �TTHvBM; i?2 `Qr QT2`�iBQM ǵRi ←→ RkǶ iQ A- �M/ r`Bi2
A

Ri↔Rk−−−−−→ A′X
am+? � `Qr QT2`�iBQM Bb +�HH2/ BMi2`+?�M;BM; irQ `Qrb Q7 AX

eX 1t�KTH2 UjVX UAMi2`+?�M;BM; irQ `QrbXV

U�V C =

[
1 2 2 0
3 0 3 1
2 1 0 1

]
R1↔R2−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
X
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U#V C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R2↔R3−−−−−→ C ′′ =

[
3 0 3 1
2 1 0 1
1 2 2 0

]
X

dX .2}MBiBQMX U_Qr QT2`�iBQMbXV
G2i A,A′ #2 (p× q)@K�i`B+2bX
q2 b�v r2 �`2 �TTHvBM; � `Qr QT2`�iBQM QM A iQ Q#i�BM A′ B7 �M/ QMHv B7 A′ Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM Q7

Ç QM2 `Qr QT2`�iBQM �//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr Q7 A iQ �MQi?2` `Qr Q7 A- Q`
Ç QM2 `Qr QT2`�iBQM KmHiBTHvBM; � MQM@x2`Q b+�H�` iQ � `Qr Q7 A- Q`
Ç QM2 `Qr QT2`�iBQM BMi2`+?�M;BM; irQ `Qrb Q7 AX

3X .2}MBiBQMX Ua2[m2M+2b Q7 `Qr QT2`�iBQMbXV
G2i A1, A2, · · · , AN−1, AN #2 }MBi2Hv K�Mv (p× q)@K�i`B+2bX
amTTQb2 i?�i 7Q` 2�+? k- Ak+1 Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM Q7 QM2 `Qr QT2`�iBQM- b�v- ρk- QM AkX h?2M r2 b�v
i?�i A1, A2, · · · , AN−1, AN Bb DQBMi #v i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb ρ1, ρ2, · · · , ρN−1X
q?2M r2 r�Mi iQ 2KT?�bBx2 i?�i 7Q` 2�+? k- i?2 `Qr QT2`�iBQM ρk Bb �TTHB2/ iQ Ak iQ Q#i�BM Ak+1- r2 K�v T`2b2Mi
i?Bb b2[m2M+2 �b

A1
ρ1−→ A2

ρ2−→ · · ·
ρ
N−2−−−→ AN−1

ρ
N−1−−−→ AN .

q2 K�v �HbQ `272` iQ bm+? � b2[m2M+2 �b i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb ρ1, ρ2, · · · , ρN−1 r?2M r2 r�Mi iQ 2KT?�bBx2
i?2 `QH2 Q7 i?2 `Qr QT2`�iBQMbX
_2K�`FX q?2M N = 1- r2 ?�p2 i?2 ǵi`BpB�H b2[m2M+2Ƕ Q7 `Qr QT2`�iBQMb ǵA1ǶX

NX 1t�KTH2 U9VX Ua2[m2M+2b Q7 `Qr QT2`�iBQMbXV

U�V A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R2+R1−−−−−→ A′′ =

[
3 4 5 5
1 2 2 2
1 0 0 2

]
X

U#V B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
4R2−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
−2R1−−−→ B′′ =

[
−2 −4 −4 2
8 −8 4 0
1 0 0 2

]
X

U+V C =

[
1 2 2 0
3 0 3 1
2 1 0 1

]
R1↔R2−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R2↔R3−−−−−→ C ′′ =

[
3 0 3 1
2 1 0 1
1 2 2 0

]
X

U/V A1=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A2=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R3−−→ A3=

[
1 0 1 1
1 2 2 2
2 0 0 4

]
R1↔R3−−−−−→ A4=

[
2 0 0 4
1 2 2 2
1 0 1 1

]
X

RyX q2 +�M ǵmM/QǶ i?2 2z2+i Q7 �Mv `Qr QT2`�iBQM QM �Mv ;Bp2M K�i`Bt �M/ i?mb ǵ`2biQ`2Ƕ i?�i ;Bp2M K�i`Bt #v �TTHvBM;
QMiQ i?2 `2bmHi�Mi �M �TT`QT`B�i2 `Qr QT2`�iBQM QMiQ i?2 `2bmHi�MiX
�Hi?Qm;? i?Bb HQQFb BMMQ+2Mi 2MQm;? Ur?2M T`2b2Mi2/ 2tTHB+BiHv BM i?2 7Q`K Q7 h?2Q`2K URV �M/ Bib `2K�`FbV- i?Bb
Bb i?2 Q`B;BM Q7 K�Mv /22T `2bmHib BM i?Bb +Qm`b2X
h?2Q`2K URVX U1tBbi2M+2 �M/ mMB[m2M2bb Q7 ǵ`2p2`b2 `Qr QT2`�iBQMbǶXV
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM (p× q)@K�i`B+2bX
h?2M i?2`2 Bb bQK2 mMB[m2 `Qr QT2`�iBQM ρ̃ QM (p × q)@K�i`B+2b bm+? i?�i i?2 �TTHB+�iBQM Q7 i?2 b2[m2M+2 Q7 `Qr
QT2`�iBQMb ρ, ρ̃ QMiQ �Mv (p× q)@K�i`Bt A `2bmHib BM AX
S`QQ7 Q7 h?2Q`2K URVX
q2 rBHH ;Bp2 �M QmiHBM2 Q7 i?2 �`;mK2Mi H�i2`X U� 7mHH T`QQ7 Bb � i2/BQmb #mi bi`�B;?i7Q`r�`/ rQ`/ ;�K2 �#Qmi i?2
/2}MBiBQMbXV

RRX _2K�`F QM i?2 +QMi2Mi Q7 h?2Q`2K URVX
q?�i r2 �`2 b�vBM; BM i?2 +QM+HmbBQM Q7 h?2Q`2K URV Bb i?�i ;Bp2M �Mv (p× q)@K�i`B+2b A,A′- B7

A
ρ−→ A′

Bb p�HB/ i?2M,ě

k
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URV i?2`2 Bb � +Q``2bTQM/BM; `Qr QT2`�iBQM ρ̃ 7Q` r?B+? i?2 b2[m2M+2

A
ρ−→ A′ ρ̃−→ A

Bb p�HB/-
UkV bm+? � ρ̃ Bb /2i2`KBM2/ #v ρ �HQM2 U#mi MQi #v AV-
UjV bm+? � ρ̃ Bb mMB[m2Hv /2i2`KBM2/X

6m`i?2` `2K�`F QM i2`KBMQHQ;vX
h?2Q`2K URV DmbiB}2b i?2 M�KBM; Q7 ρ̃ �b i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρX
.2T2M/2Mi QM i?2 ǵivT2Ƕ iQ r?B+? ρ #2HQM;b- ρ̃ rBHH #2 ;Bp2M +Q``2bTQM/BM;Hv- �b /2b+`B#2/ #v i?2 i�#H2 #2HQr,ě

_Qr QT2`�iBQM ρ QM A
`2bmHi�Mi BM A′X

*Q``2bTQM/BM; ǵ`2p2`b2
`Qr QT2`�iBQMǶ ρ̃ QM A′

`2bmHi�Mi BM AX
A

αRi+Rk−−−−−→ A′X A′ −αRi+Rk−−−−−−−→ AX
A

βRk−−−→ A′X A′ (1/β)Rk−−−−−→ AX
A

Ri↔Rk−−−−−→ A′X A′ Ri↔Rk−−−−−→ AX

h?2 2Mi`B2b BM i?Bb i�#H2 �`2 DmbiB}2/ #v i?2 �`;mK2Mi 7Q` h?2Q`2K URVX
6`QK i?Bb i�#H2- Bi Bb �TT�`2Mi i?�i h?2Q`2K UkV ?QH/bX

RkX h?2Q`2K UkVX Uǵ_2p2`b2Ƕ Q7 ǵ`2p2`b2 `Qr QT2`�iBQMǶXV
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `Qrb- �M/ ρ̃ Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρX
h?2M i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρ̃ Bb ;Bp2M #v ρ Bib2H7X
_2K�`FX AM bvK#QHb- r?�i r2 �`2 b�vBM; Bb,ě
A7

A
ρ−−−−→ ρ̃−−−−→ A

Bb p�HB/ 7Q` 2�+? K�i`Bt A rBi? p `Qrb- i?2M

B
ρ̃−−−−→ ρ−−−−→ B

Bb p�HB/ 7Q` 2�+? K�i`Bt B rBi? p `QrbX

RjX 1t�KTH2 U8VX Uǵ_2p2`b2 `Qr QT2`�iBQMbǶXV

U�V h?2 ǵ`2p2`b2Ƕ `Qr QT2`�iBQM 7Q`

A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]

Bb ;Bp2M #v

A′ =

[
1 0 1 1
1 2 2 2
1 0 0 2

]
−1R1+R2−−−−−−→ A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
.

U#V h?2 ǵ`2p2`b2Ƕ `Qr QT2`�iBQM 7Q`

B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
4R2−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]

Bb ;Bp2M #v

B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
− 1

4R2−−−−→ B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
.
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U+V h?2 ǵ`2p2`b2Ƕ `Qr QT2`�iBQM 7Q`

C =

[
1 2 2 0
3 0 3 1
2 1 0 1

]
R1↔R2−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]

Bb ;Bp2M #v

C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R1↔R2−−−−−→ C =

[
1 2 2 0
3 0 3 0
2 1 0 1

]
.

R9X q2 +�M `2+Qp2` � K�i`Bt 7`QK i?2 `2bmHi�Mi Q7 � b2[m2M+2 Q7 `Qr QT2`�iBQMb QM i?2 K�i`Bt #v ǵ`2p2`bBM;Ƕ i?2 b2[m2M+2
�M/ ǵ`2TH�+BM;Ƕ i?2 `2bT2+iBp2 `Qr QT2`�iBQMb rBi? i?2B` ǵ`2p2`b2Ƕ `Qr QT2`�iBQMbX
h?2Q`2K UjVX Uǵ_2p2`bBM;Ƕ � b2[m2M+2 Q7 `Qr QT2`�iBQMbXV
amTTQb2 A1, A2, · · · , AN Bb � b2[m2M+2 Q7 (p× q)@K�i`B+2b DQBMi #v `Qr QT2`�iBQMb ρ1, ρ2, · · · , ρN−1 `2bT2+iBp2Hv,

A1
ρ1−→ A2

ρ2−→ · · ·
ρ
N−2−−−→ AN−1

ρ
N−1−−−→ AN .

h?2M AN , · · · , A2, A1 Bb � b2[m2M+2 Q7 (p×q)@K�i`B+2b DQBMi #v `Qr QT2`�iBQMb ρ̃N−1, · · · , ρ̃2, ρ̃1 `2bT2+iBp2Hv- BM r?B+?
ρ̃k Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ Q7 ρk 7Q` 2�+? k,

AN

ρ̃
N−1−−−→ AN−1

ρ̃
N−2−−−→ · · · ρ̃2−→ A2

ρ̃1−→ A1.

S`QQ7 Q7 h?2Q`2K UjVX h?2 �`;mK2Mi Bb � `2T2�i2/ �TTHB+�iBQM Q7 h?2Q`2K URVX

R8X 1t�KTH2 UeVX Uǵ_2p2`bBM;Ƕ � b2[m2M+2 Q7 `Qr QT2`�iBQMbXV

U�V q2 Q#i�BM A′′ 7`QK A #v �TTHvBM; i?Bb b2[m2M+2 Q7 `Qr QT2`�iBQMb,ě

A=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→ A′=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R2+R1−−−−−→ A′′=

[
3 4 5 5
1 2 2 2
1 0 0 2

]
.

q2 ǵ`2+Qp2`Ƕ A 7`QK A′′ #v ǵ`2p2`bBM;Ƕ i?2 �#Qp2 b2[m2M+2,ě

A′′=

[
3 4 5 5
1 2 2 2
1 0 0 2

]
−2R2+R1−−−−−−→ A′=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
−1R1+R2−−−−−−→ A=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
.

U#V q2 Q#i�BM A′′ 7`QK A #v �TTHvBM; i?Bb b2[m2M+2 Q7 `Qr QT2`�iBQMb,ě

B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
4R2−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
−2R1−−−→ B′′ =

[
−2 −4 −4 2
8 −8 4 0
1 0 0 2

]
.

q2 ǵ`2+Qp2`Ƕ B 7`QK B′′ #v ǵ`2p2`bBM;Ƕ i?2 �#Qp2 b2[m2M+2,ě

B′′ =

[
−2 −4 −4 2
8 −8 4 0
1 0 0 2

]
− 1

2R1−−−−→ B′ =

[
1 2 2 −1
8 −8 4 0
1 0 0 2

]
− 1

4R2−−−−→ B =

[
1 2 2 −1
2 −2 1 0
1 0 0 2

]
.

U+V q2 Q#i�BM C ′′ 7`QK C #v �TTHvBM; i?Bb b2[m2M+2 Q7 `Qr QT2`�iBQMb,ě

C =

[
1 2 2 0
3 0 3 1
2 1 0 1

]
R1↔R2−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R2↔R3−−−−−→ C ′′ =

[
3 0 3 1
2 1 0 1
1 2 2 0

]
.

q2 ǵ`2+Qp2`Ƕ C 7`QK C ′′ #v ǵ`2p2`bBM;Ƕ i?2 �#Qp2 b2[m2M+2,ě

C ′′ =

[
3 0 3 1
2 1 0 1
1 2 2 0

]
R2↔R3−−−−−→ C ′ =

[
3 0 3 1
1 2 2 0
2 1 0 1

]
R1↔R2−−−−−→ C =

[
1 2 2 0
3 0 3 0
2 1 0 1

]
.
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U/V q2 Q#i�BM A4 7`QK A1 #v �TTHvBM; i?Bb b2[m2M+2 Q7 `Qr QT2`�iBQMb,ě

A1=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
1R1+R2−−−−−→A2=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
2R3−−→A3=

[
1 0 1 1
1 2 2 2
2 0 0 4

]
R1↔R3−−−−−→A4=

[
2 0 0 4
1 2 2 2
1 0 1 1

]
.

q2 ǵ`2+Qp2`Ƕ A1 7`QK A4 #v ǵ`2p2`bBM;Ƕ i?2 �#Qp2 b2[m2M+2,ě

A4=

[
2 0 0 4
1 2 2 2
1 0 1 1

]
R1↔R3−−−−−→A3=

[
1 0 1 1
1 2 2 2
2 0 0 4

]
(1/2)R3−−−−−→A2=

[
1 0 1 1
1 2 2 2
1 0 0 2

]
−1R1+R2−−−−−−→A1=

[
1 0 1 1
0 2 1 1
1 0 0 2

]
.

ReX .2}MBiBQMX U_Qr@2[mBp�H2Mi K�i`B+2bXV
G2i C,D #2 (p× q)@K�i`B+2bX
amTTQb2 i?2`2 Bb � }MBi2 b2[m2M+2 Q7 `Qr QT2`�iBQMb bi�`iBM; 7`QK C �M/ 2M/BM; �i DX
h?2M r2 b�v i?�i C Bb `Qr@2[mBp�H2Mi iQ DX
q?2M r2 �HbQ r�Mi iQ 2KT?�bBx2 i?�i C Bb DQBMi iQ D #v- b�v- bQK2 b2[m2M+2 Q7 `Qr QT2`�iBQMb

C
ρ1−−−−−→ ρ2−−−−−→ · · · ρk−−−−−→ D,

r2 b�v i?�i C Bb `Qr@2[mBp�H2Mi iQ D mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb ρ1, ρ2, · · · , ρkX

RdX Zm2biBQMX >Qr iQ b?Qr i?�i � ;Bp2M (p× q)@K�i`Bt C Bb `Qr@2[mBp�H2Mi iQ � (p× q)@K�i`Bt D\
�Mbr2`X q`Bi2 /QrM � }MBi2 b2[m2M+2 Q7 (p× q)@K�i`B+2b- b�v-

C = C1
ρ1−→ C2

ρ2−→ · · ·
ρ
N−2−−−→ CN−1

ρ
N−1−−−→ CN = D

DQBMi #v `Qr QT2`�iBQMb- QM2 �i 2�+? bi2TX
AHHmbi`�iBQMX

G2i C =
[
1 0 1
0 2 1

]
�M/ D =

[
3 6 6
8 −8 4

]
X

q2 p2`B7v i?�i C Bb `Qr@2[mBp�H2Mi iQ D,

C = C1 =
[
1 0 1
0 2 1

]
1R1+R2−−−−−→ C2 =

[
1 0 1
1 2 2

]
3R1−−→ C3 =

[
3 0 3
1 2 2

]
R1↔R2−−−−−→ C4 =

[
1 2 2
3 0 3

]

−1R1+R2−−−−−−→ C5 =
[
1 2 2
2 −2 1

]
4R2−−→ C6 =

[
1 2 2
8 −8 4

]
3R1−−→ C7 = D =

[
3 6 6
8 −8 4

]

R3X h?2Q`2K U9VX U_Qr@2[mBp�H2M+2 �b �M ǵ2[mBp�H2M+2 `2H�iBQMǶXV
h?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V amTTQb2 C Bb � (p× q)@K�i`BtX h?2M C Bb `Qr@2[mBp�H2Mi iQ CX
U#V G2i C,D #2 (p× q)@K�i`B+2bX amTTQb2 C Bb `Qr@2[mBp�H2Mi iQ DX h?2M D Bb `Qr@2[mBp�H2Mi iQ CX
U+V G2i C,D,E #2 (p × q)@K�i`B+2bX amTTQb2 C Bb `Qr@2[mBp�H2Mi iQ D �M/ D Bb `Qr@2[mBp�H2Mi iQ EX h?2M C Bb

`Qr@2[mBp�H2Mi iQ EX

S`QQ7 Q7 h?2Q`2K U9VX 1t2`+Bb2X
_2K�`F QM i?2 bB;MB}+�M+2 Q7 h?2Q`2K U9VX "v pB`im2 Q7 h?2Q`2K U9V- Bi rBHH K�F2 b2Mb2 7Q` mb iQ r`Bi2
bQK2i?BM; HBF2

ǵi?2 K�i`B+2b A,B �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`Ƕ- ǵi?2 K�i`B+2b C,D,E �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`Ƕ-

mbBM; i?2 T?`�b2 ǵ`Qr@2[mBp�H2MiǶ BM bBKBH�` r�v i?�i r2 mb2 i?2 rQ`/ ǵ2[m�HǶ UBM p�`BQmb �`2�b Q7 K�i?2K�iB+bV Q`
i?2 T?`�b2 ǵ+QM;`m2MiǶ UBM TH�M2 ;2QK2i`vVX
6m`i?2` `2K�`FX �++Q`/BM; iQ h?2Q`2K U9V- i?2 +QHH2+iBQM Q7 �HH (p× q)@K�i`B+2b �`2 bTHBi BMiQ p�`BQmb ǵ+HB[m2bǶ
�++Q`/BM; iQ i?2 [m2biBQM r?2i?2` QM2 (p × q)@K�i`Bt Bb `Qr@2[mBp�H2Mi iQ �MQi?2` (p × q)@K�i`BtX A7 v2b- i?2M i?2
irQ K�i`B+2b +QM+2`M2/ �`2 BM i?2 b�K2 ǵ+HB[m2Ƕc B7 MQ- i?2v �`2 MQiX

RNX PmiHBM2 Q7 �`;mK2Mi 7Q` h?2Q`2K URVX
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM (p× q)@K�i`B+2bX
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U�V q2 }`bi �`;m2 7Q` i?2 2tBbi2M+2 Q7 �M �TT`QT`B�i2 `Qr QT2`�iBQM- H�#2H2/ ρ̃- QM (p × q)@K�i`B+2b 7Q` r?B+? i?2
b2[m2M+2 Q7 `Qr QT2`�iBQMb

A
ρ−−−−→ ρ̃−−−−→ A

Bb p�HB/X
LQi2 i?�i ρ Bb ;Bp2M #v QM2 Q7

αRi +Rk, βRk Ri ↔ Rk

7Q` bQK2 �TT`QT`B�i2 α,β, i, kX
_2bT2+iBp2Hv BMi`Q/m+2 i?2 `Qr QT2`�iBQM ρ̃ iQ #2 QM2 Q7

−αRi +Rk, β−1Rk Ri ↔ Rk

7Q` i?2 b�K2 α,β, i, kX
h?2M BM 2�+? +�b2- 7Q` �Mv (p× q)@K�i`Bt A- BM i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb

A
ρ−→ A′ ρ̃−→ A′′,

r2 rBHH Q#i�BM A′′ = AX
(hQ b22 i?Bb r2 ?�p2 iQ +?2+F �++Q`/BM; iQ /2}MBiBQM i?�i i?2 b2[m2M+2b Q7 `Qr QT2`�iBQMb #2HQr �`2 BM/22/
p�HB/,ě

Ç A
αRi+Rk−−−−−→ A′ −αRi+Rk−−−−−−−→ AX

Ç A
βRk−−−→ A′ β−1Rk−−−−→ AX

Ç A
Ri↔Rk−−−−−→ A′ Ri↔Rk−−−−−→ AX

h?Bb Bb H27i �b �M 2t2`+Bb2X)
h?Bb +QKTH2i2b i?2 �`;mK2Mi 7Q` i?2 ǵ2tBbi2M+2 T�`iǶX

U#V LQr r2 im`M iQ i?2 �`;mK2Mi 7Q` ǵmMB[m2M2bb T�`iǶX
amTTQb2 ρ̂ Bb � `Qr QT2`�iBQM QM (p×q)@K�i`B+2b 7Q` r?B+? i?2 bm++2bbBp2 �TTHB+�iBQM Q7 ρ, ρ̂ QM 2�+? (p×q)@K�i`Bt
A `2bmHib BM AX
Ai bm{+2b 7Q` mb iQ DmbiB7v i?2b2 +H�BKb,ě

Ç A7 ρ Bb ;Bp2M #v αRi +Rk 7Q` bQK2 MmK#2` α- i?2M ρ̂ Bb ;Bp2M #v −αRi +RkX
Ç A7 ρ Bb ;Bp2M #v βRk 7Q` bQK2 MQMx2`Q MmK#2` β- i?2M ρ̂ Bb ;Bp2M #v β−1RkX
Ç A7 ρ Bb ;Bp2M #v Ri ↔ Rk i?2M ρ̂ Bb ;Bp2M #v Ri ↔ RkX

U6Q` 2�+? +H�BK- r2 +�M ;Bp2 �M 2�bv �`;mK2Mi #v +?QQbBM; A Dm/B+BQmbHv BM i?2 �`;mK2MiX �M Q#pBQmb +?QB+2
Bb ǵA = IpǶXV

e



U�V q2 }`bi �`;m2 7Q` i?2 2tBbi2M+2 Q7 �M �TT`QT`B�i2 `Qr QT2`�iBQM- H�#2H2/ ρ̃- QM (p × q)@K�i`B+2b 7Q` r?B+? i?2
b2[m2M+2 Q7 `Qr QT2`�iBQMb

A
ρ−−−−→ ρ̃−−−−→ A

Bb p�HB/X
LQi2 i?�i ρ Bb ;Bp2M #v QM2 Q7

αRi +Rk, βRk Ri ↔ Rk

7Q` bQK2 �TT`QT`B�i2 α,β, i, kX
_2bT2+iBp2Hv BMi`Q/m+2 i?2 `Qr QT2`�iBQM ρ̃ iQ #2 QM2 Q7

−αRi +Rk, β−1Rk Ri ↔ Rk

7Q` i?2 b�K2 α,β, i, kX
h?2M BM 2�+? +�b2- 7Q` �Mv (p× q)@K�i`Bt A- BM i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb

A
ρ−→ A′ ρ̃−→ A′′,

r2 rBHH Q#i�BM A′′ = AX
(hQ b22 i?Bb r2 ?�p2 iQ +?2+F �++Q`/BM; iQ /2}MBiBQM i?�i i?2 b2[m2M+2b Q7 `Qr QT2`�iBQMb #2HQr �`2 BM/22/
p�HB/,ě

Ç A
αRi+Rk−−−−−→ A′ −αRi+Rk−−−−−−−→ AX

Ç A
βRk−−−→ A′ β−1Rk−−−−→ AX

Ç A
Ri↔Rk−−−−−→ A′ Ri↔Rk−−−−−→ AX

h?Bb Bb H27i �b �M 2t2`+Bb2X)
h?Bb +QKTH2i2b i?2 �`;mK2Mi 7Q` i?2 ǵ2tBbi2M+2 T�`iǶX

U#V LQr r2 im`M iQ i?2 �`;mK2Mi 7Q` ǵmMB[m2M2bb T�`iǶX
amTTQb2 ρ̂ Bb � `Qr QT2`�iBQM QM (p×q)@K�i`B+2b 7Q` r?B+? i?2 bm++2bbBp2 �TTHB+�iBQM Q7 ρ, ρ̂ QM 2�+? (p×q)@K�i`Bt
A `2bmHib BM AX
Ai bm{+2b 7Q` mb iQ DmbiB7v i?2b2 +H�BKb,ě

Ç A7 ρ Bb ;Bp2M #v αRi +Rk 7Q` bQK2 MmK#2` α- i?2M ρ̂ Bb ;Bp2M #v −αRi +RkX
Ç A7 ρ Bb ;Bp2M #v βRk 7Q` bQK2 MQMx2`Q MmK#2` β- i?2M ρ̂ Bb ;Bp2M #v β−1RkX
Ç A7 ρ Bb ;Bp2M #v Ri ↔ Rk i?2M ρ̂ Bb ;Bp2M #v Ri ↔ RkX

U6Q` 2�+? +H�BK- r2 +�M ;Bp2 �M 2�bv �`;mK2Mi #v +?QQbBM; A Dm/B+BQmbHv BM i?2 �`;mK2MiX �M Q#pBQmb +?QB+2
Bb ǵA = IpǶXV

e


